Normal human locomotion in daily life involves walking with turning, not just straight line walking. Here, we examine and explain some non-straight-line walking phenomena from an energy minimization perspective. Using human subject experiments, we show that the metabolic rate while walking in circles increases with decreasing radius for fixed speed. We show that this increase in energy cost for turning has behavioral implications, specifically explaining a variety of human : to save energy, we predict that humans should walk slower in smaller circles, slow down when path curvature increases when traveling along more complex curves, turn in place around a particular optimal angular speed, and avoid sharp turns but use smooth gentle turns while navigating around obstacles or while needing to turn while walking. We then tested these behavioral predictions against additional behavioral experiments we performed and existing movement data from previous studies, finding that human behavior in these experiments are consistent with minimizing, at least approximately, the energy cost of locomotion subject to the relevant task constraints. keywords: walking with turning, path planning, energy optimality, optimization, metabolic cost, optimal control, turning in place, optimal walking, inverted pendulum walker.
Introduction
Most real-world walking tasks require direction changes. In one previous study that tracked walking behavior over many days, 35-45% of steps within a home or office environment required turns [1] . Here, we seek better understanding of walking with turning, specifically focusing on the energetic demands of turning and their implications to behavior. Human subject experiments [2] [3] [4] [5] [6] and mathematical models [7] [8] [9] [10] [11] [12] [13] have suggested that energy optimality explains many aspects of straight line locomotion, at least approximately. But we do not know if such approximate energy optimality generalizes to walking with turning.
Here, we perform human subject experiments, quantifying the metabolic cost of humans walking in circles and showing that walking with turning costs more than walking in a straight line. We then use this empirically-derived metabolic cost model to make a number of behavioral predictions about humans walking. Specifically, we predict that humans would walk slower when walking with greater curvature, in smaller circles, which we compare with further behavioral experiments and some prior data [14] [15] [16] [17] . We also show that these models extrapolate to turning in place, where the speed of turning is roughly predicted by minimizing the cost of turning. Finally, we show that energy optimality explains other qualitative features of human walking including not taking sharp turns and approximate paths adopted while walking with turning [17, 18] .
Methods
Experiments: Metabolic cost of humans walking in circles Subjects (mass 77.3 ± 10 kg, height 1.78 ± 0.5, mean ± s.d. and age range [22] [23] [24] [25] [26] [27] were instructed to walk along circles drawn on the ground. The subjects were instructed to keep the circle directly beneath their feet or between their two feet, but never entirely to one side of their feet. All subjects walked with the circle between their feet with non-zero step width. We used four different circle radii (R = 1, 2, 3, 4 m, N radii = 4). At each radius, subjects performed four walking trials, each with a different constant tangential speed v in the range 0.8-1.58 m/s, resulting in N trials = 16 trials per subject; one subject performed fewer trials (N trials = 13). Tangential speeds were enforced by specifying a duration for each lap around the circle. See Supplementary Information for the list of specific lap durations and tangential speeds. A timer provided auditory feedback at the end of every half lap duration (for R = 3, 4 m) or full lap duration (for R = 1, 2 m), so that subjects could speed up or slow down as necessary. Within a few laps of such auditory-feedback-driven training, subjects walked at the desired average speed, completing each lap almost coincident with the desired lap time. Subjects maintained the speed with continued auditory feedback for 6 minutes: 4 minutes for achieving metabolic steady state and 2 minutes for obtaining an average metabolic rateĖ. Subjects used clockwise or counter-clockwise circles as preferred. Subjects were instructed to walk and never jog or run, and all subjects always walked.
The trial order was randomized over speed and radius. Metabolic rate per unit massĖ was estimated during resting and circular walking using respiratory gas analysis (Oxycon Mobile with wind shield, < 1 kg):Ė = 16.58V O 2 + 4.51V CO 2 W/kg with volume ratesV in mls −1 kg −1 [19] . Resting metabolic rate for the subejcts, measured while sitting before the walking trials, was found to be e rest = 1.3270 ± 0.124 W/kg (mean ± s.d.).
Experiments: Preferred walking speeds in circles. Subjects' were measured by asking them to walk in a straight-line and along circles of radius 1 m, 2 m, 3 m, and 4 m at whatever speed they found comfortable; the subjects walked for about 100 m in each of these trials (four 4 m laps, eight 2 m laps, etc.) and the second half of the walk was timed to estimate average tangential speed. Two trials were performed for each radius and all trials were in random order of radii. The subject population for these trials was distinct from those for characterizing the energy cost of walking in 
circles (age 22.6 ± 1.7 years, mass 73.6 ± 10 kg, height 173.9 ± 13 m).
Experiments: Preferred turning-in-place speeds. Subjects (age 26 ± 5 years, mass 73.4 ± 11 kg, height 175 ± 10 m) preferred turning speeds were measured by asking them to turn in place by 90, 180, 270, and 360 degrees. Two to three trials were performed for each turn angle and the trial orders were randomized. Subjects were free to turn clockwise or counter-clockwise in any trial. The average angular velocity of turn was computed by estimating the time taken for turning from video and using the prescribed turn angle.
Behavioral predictions using energy optimality. We use the empirically obtained metabolic rate modelĖ = α 0 + α 1 v 2 + α 2 ω 2 (equation 1) to predict the energy optimal behavior during a series of non-straight-line walking tasks. Many such predictions just require basic calculus, for instance, for predicting optimal speeds for walking in circle and turning in place -and the complete reasoning for the prediction is provided in place in the results section. For tasks involving changing curvature, we simply integrate the empirical metabolic rate over the time duration of the task and perform a trajectory optimization that minimizes the total energy cost of the task [11] , with or without a small cost for changing speeds [5] . See Supplementary Information for more details.
Results
Metabolic rate is well-approximated by a quadratic function of speed and radius. Figure 2 shows the mass-normalized rate (energy per unit time)Ė, as a function of prescribed speed v and radius R. The total metabolic rate was fit well by:
with α 0 = 2.351 W/kg, α 1 = 1.083 W/(kg.ms −1 ), α 2 = 0.944 W/(kg.rad.s −1 ), giving the metabolic rateĖ in W/kg when v is in ms −1 , R is in meters, and ω is in rad.s −1 . The standard errors for the three coefficients are, respectively, 0.069, 0.047, 0.057 in their respective units and the p < 10 −30 for all three coefficients, compared to a null model of zero coefficients. Equation 1 explains 89.3% of the empirical metabolic rate variance over all subjects ("R 2 value", not to be confused with radius-squared). We chose this functional form in analogy with the expression α 0 + α 1 v 2 fits data from straightline walking [2, 20] . For walking in a circle, the angular rate v/R of the person revolving around the circle is also the average angular velocity ω of the person's body rotating about its vertical axis: thus,
Straight-line walking as a limiting case.
Setting ω = 0 or radius R → ∞ in equation 1 giveṡ E for straight line walking: α 0 + α 1 v 2 . Previous studies of overground or treadmill straight line walking [2, 4, 20] have estimated α 0 ≈ 2 − 2.5 W/kg and α 1 ≈ 0.9 − 1.4 W/(kg.ms −1 ), and our numbers are in this same range. As an aside, we note that the coefficient α 0 , which has the interpretation of the metabolic rate of walking at infinitesimal speeds (v → 0), is substantially higher than the resting metabolic rate e rest = 1.394 W/kg. (whether sitting or standing [2] ). This difference is real and not artifactual, in that prior experiments have found a substantial difference in the cost of standing still and very slow walking with stepping [2] . The reason for this metabolic difference remains an open problem, and might be explained by a rapid increase in the walking cost at very low speeds, not captured by such quadratic fits at higher speeds. This gap in our understanding does not affect any of the behavioral predictions below.
Circle-walking is more expensive than straight line walking for fixed speed. Because α 2 > 0 with p = 0.0001, the model (equation 1) shows the estimated metabolic rate to be higher for lower radii R for a given tangential speed v. This radius dependence implies, for instance, that at speed v = 1.5 m/s, reducing the radius R from infinity to 1 m induces an additional cost (α 2 v 2 /R 2 ) of 44.4% of the total straight-line walking metabolic rate (α 0 + α 1 v 2 ) and 61.4% of the net straight-line walking metabolic rate (α 0 + α 1 v 2 − e rest ). This additional cost term for turning has a variety of behavioral implications, as described below and compared with experiment.
Optimal walking speeds for circle walking: slower in smaller circles. The preferred straightline walking speed is approximately predicted by the so-called maximum range speed, which minimizes the total metabolic cost per unit distance E =Ė/v (i.e., not subtracting e rest ) and maximizes the distance traveled with a fixed energy budget [2, 21, 22] . Analogously, for walking in circles of radius R, the total cost per unit distance Figure 3a ), which increases with radius R. Thus, we predict that humans would prefer to walk slower in smaller circles, though they can walk at a variety of speeds at each of these circles, as demonstrated in our metabolic trials.
Preferred walking speeds: slower in smaller circles.
In our experiments measuring preferred speeds while walking in circles, as predicted by energy optimality, we found that lower speed was preferred for smaller circles (Figure 3a ; also noted in passing by [23] ). While the optimal speed from the best-fit empirical model slightly over-estimates the preferred speeds, almost all of the preferred speeds are within the range of speeds for which the energy per unit distance is within 2% of optimal energy cost ( Figure 3a ).
Optimality of a straight line path.
Another prediction of the empirical cost model is that a straight line path (ω = 0) is optimal when the goal is to walk from point A to point B -with Figure 2 . The red line on the surface denote the minimum cost per distance and the corresponding optimal speed for a given radius. b) The optimal metabolic cost per unit distance as a function of the radius. c) The red box-plot shows preferred walking speed (box = mean ± s.d. and whiskers = range). The solid blue line is the optimal tangential speed v opt for every radius, identical to the red line on panel-a of this figure, obtained using the same best-fit surface. Also shown are two bands denoting speeds for which the metabolic cost per distance is within 1% (lighter blue) and 2% (darker blue) of the optimum cost at any radius. person initially facing along vector from A to B, so that no direction change is needed, but allowed. That is, for tasks where no turning is needed (ω avg = 0), walking with no turning is optimal. This prediction is borne out by the cost of walking per unit distance is also lowest for straight line walking and increases with decreasing radius (see Figure 3b ). Thus, in this case, the shortest distance path is also the energy optimal path, but this is not always true as seen below. We did not explicitly test this prediction by human subject experiment.
Cost of turning-in-place as a limiting case. Turning or spinning in place is a special case of walking in circles with R → 0 and v → 0, while ω = v/R remains constant equal to the turning rate. Using this limit and extrapolating our empirical model to turning in place, we obtain the metabolic cost of turning in place to be:Ė = α 0 + α 2 ω 2 . The metabolic cost of turning in place per unit angle (analogous to metabolic cost per unit distance) isĖ/ω = α 0 /ω + α 3 ω.
Turning in place: Preferred versus optimal angular speeds The cost of turning in place per unit angle is optimized by steady optimal turning speed ω opt = √ α 0 /α 3 = 1.578 rad/s = 90.4 degrees/s. From our experiments measuring preferred speeds of turning in place, the average human turning speeds for turns of 270 degrees and 360 degrees were not significantly different and almost entirely overlap with the set of steady turning speeds that are within 5% of the optimal turning cost. For smaller turn angles of 90 and 180 degrees, the measured average turning speeds were systematically lower, presumably due to an unaccounted-for cost for starting and stopping or force rates (see [5] for a straight-line walking analog of this issue).
Low curvature of energy surface, behavioral variability, and model sensitivity. Due to the low curvature of the metabolic cost per distance surface (Figure 3a, 4b) , a large range of speeds or The blue bands shown denote optimal turning speeds as described in panel-c. c) Preferred turning speeds (green box plots) versus optimal turning speeds (blue lines and bands showing the set of speeds within 1 or 5% of optimal energy cost for steady turning). angular speeds are within a percent of the optimal cost. Thus, large variability in preferred speeds may mean only a small energy penalty. Low curvature of the metabolic cost surface also implies sensitivity of predictions to small modeling errors and sensitivity to noise in the metabolic data. The overlap between the ranges of preferred and optimal speeds is similar to those in some of our earlier articles [5, 6] .
Walking on non-circular complex curves: slower on higher curvature turns. In previous studies by other researchers, when humans walked in non-circular curves, including ellipses [14] , cloverleaves, and limacons ([24], Figure 5 Navigating the real world: Optimal path planning between two doorways. When humans are constrained to walk with turning, but otherwise free to choose the walking path, they prefer gentle turns over sharp turns. For instance, in a previous study, when instructed to walk through two consecutive doors facing in different directions [15, 16] , the smooth human paths (Figure 6a ) are explained qualitatively by model predictions (Figure 6b) , with or without a cost for changing speeds; the model-predicted smooth turns have a larger turning radius than the body width but slightly smaller than the experimental observations [15, 16] .
To go sideways, turn and walk facing forward. Humans do not walk sideways, unless the distance traveled is very short. Sideways walking costs about 8.96 J/m/kg at its optimal speed 0.6 m/s [6] . At this speed, we predict that humans should walk sideways for distances less that about a meter; for much larger distances, walking sideways is more expensive than turning by 90 degrees (using the turning cost above) and walking facing forward. This critical distance in- [14, 24] . Model predicted body paths (gray) are shown for given foot paths (red), with model-predicted leg directions shown as lines connecting the two. Bottom panels show that while walking on these non-circular curves, human subjects walked slowed on higher curvatures (green). The model predictions (solid, blue) are similar to the experimental data (brown). Experimental data was redrawn from [14, 24] for the fraction of the cycle shown therein. Model predicts hip speeds whereas experiments report head speeds, which may account for some systematic differences; however, we do not know, for instance, why the match with experimental data for the 4:1 ellipse is worse than that for the 2:1 ellipse.
creases if we instead consider forward walking at its own optimal speed and include cost for speed changes, but the qualitative predictions remain. We did not test these predictions in behavioral experiments.
Mechanistic reasons for the cost of turning. An earlier draft of this article had a description of attempts at explaining the cost of turning using simple biped models (e.g., [11] ). We have skipped this discussion in this version, as the above results do not rely on our being able to explain the origins of the empirically observed cost penalty. In brief, a pure point-mass model [11] walking like a 3D inverted pendulum in a circle does predict a cost penalty for turning (for fixed tangential speed). But this cost penalty is quantitatively much smaller -by almost an order of magnitude compared to the empirically observed cost penalty. We hypothesize that models incorporating the fact that the upper body and the legs are extended objects with non-zero masses and moments of inertia will be an integral part of the mechanistic explanation.
Discussion
Here, we measured the energetics of humans walking in circles and showed that the cost has a substantial radius dependence. We then used the experimentally-derived metabolic energy model to obtain optimal walking behavior on various non-straight-line scenarios, explaining some experimentally-measured human walking behavior, qualitatively but not quantitatively. Metabolic energy minimization, using the experimentally-obtained metabolic cost model, only predicts the human walking paths approximately. We used a quasi-steady approximation of the Figure 6 : Humans avoided sharp turns and used gently curving turns when asked to walk through two doors consecutively (both pink), facing in different directions and stopping 2 m beyond the second door; the second door had five different locations as shown (red circles), giving five human paths. Data redrawn from [17] are for head paths. While the model is capable of sharp turns and otherwise complex paths, model predictions (for hips) from optimality are qualitatively similar to human paths. metabolic cost for such optimal path planning, with an additional de-coupled cost for changing speed. Disagreements between predictions and behavior could be because of such simplicity. This simple model could be improved by characterizing the cost of changing speeds while turning (a previous article on the cost of changing speeds did not involve turning [5] ). We could also use a 3D biped model for such optimizations. It has been proposed that walking humans maximize motion smoothness [16, 17] e.g., minimize jerk. However, such theories have some unrealistic predictions, for instance, predicting infinitesimal optimal walking speeds and incorrect stride lengths. Our energy based approach has provided the first account of the reduced speeds while turning.
Whereas cars and bicycles also slow down on tight curves to avoid slipping, humans in our experiments (both metabolic and preferred speed) were far from slipping: the foot-ground friction coefficient µ = 1.2, whereas the maximum leg angle in our circle walking (1 m at 1.5 m/s) was 12 degrees, much less than the friction cone angle 50 degrees(= tan −1 µ), giving a safety factor of 4. Of course, we cannot rule out our subjects slowing down due to 'imagining' a non-existent slip risk.
We could better understand the walking mechanics here by measuring the body segment motions (motion capture) and the ground reaction forces [23] . With typical laboratory settings, these measurements are likely feasible only over two steps, a fraction of the whole circle. Nevertheless, such measurements could test some of our simple model predictions on body speed, radius, step lengths, and mean ground reaction forces. They would enable inverse dynamic analyses with 3D multi-body models [25] , estimating joint torques and work, which, with further optimality assumptions, give muscle forces and work. While such analyses would challenge our ability to model 3D human movement, such analyses could settle whether the body angular velocity fluctuations require energy or are largely passive and would also illuminate the asymmetric role of the two legs for circle walking [26] . Ground reaction forces could indicate if a spring-mass biped model [27] [28] [29] can capture the center of mass motion while walking in circles. Some limited motion capture measurements for a few subjects suggest substantial angular velocity fluctuations of the body during circle walking, which may partially explain the cost penalty for turning.
Our results suggest numerous experiments to test model predictions and inform improvements to the model: walking through many via points with freedom to choose the path, walking sideways versus turning, etc. We obtained a cost of spinning in place by extrapolation, whose accuracy can be improved by using smaller radii or spinning in place in experiment, although such experiments may make the human subject unreasonably dizzy. Similarly, using overground straight-line walking metabolic data in our empirical model regression (as a data point with R → ∞) would make the model more reliable for straight-line walking. Metabolic cost dependence on the rotational moment of inertia I z could also be experimentally tested by coupling the body to an external 'rotational inertia' without adding mass (see [30] ). Our empirical metabolic cost model could be tested further by energetic measurements of humans walking on sinusoidal paths, by moving side to side on treadmills.
Models for curvilinear locomotion (especially running) might also help estimate the metabolic cost during sports (e.g., soccer), which involve extensive speed and direction changes. Ambulatory studies of human walking (lasting many days), combined with our empirical metabolic model, could estimate the relative cost of turning over and above steady straight-line walking in daily life. About 20% of steps in household settings [31] and 35-45% of steps in common walking tasks in home and office environments [1] involve turns. However, more detailed data is needed to show if walking with turning may be a substantial fraction of the daily walking energy cost.
The ability of energy minimization to predict turning behavior for larger distances must be tested. While the relative cost of a single turn may be small for large distances, energy minimization may still be a good predictor of turning behavior, as the optimal turning behavior for shorter distances is also optimal for longer distances. Further, while one might posit that energy optimality as a predictive principle might be most applicable to common tasks or tasks that require the greatest energy cost, this hypothesis has not been subject to systematic empirical testing. Indeed, contrary to this hypothesis, energy optimality correctly predicted lowered walking speeds for shorter distances (a task with low total energy), walking speeds in sideways walking (an uncommon task), and stride frequency in the presence of a external exoskeleton (an uncommon task with dynamic changes in the energy landscape). Nevertheless, we agree that the lack of quantitative agreement between our prediction and behavior might be due to humans behaving sub-optimally rather than due to our model simplicity.
Analogous to walking in circles, asymmetric leg function is also seen in circular treadmill walking [32] and split-belt treadmill walking [33] (when legs move at different speeds), but neither treadmill can simulate the correct inertial (centripetal) forces required for walking in circles. Running analogs of our experiments and model would be of interest. Reduced top running speeds around a track or while cornering have been partly attributed to the centripetal forces [34] , but corresponding sub-maximal running studies have not been performed. Similarly, it may be worth considering whether energetic or power constraints constrain fast maneuvers [35] .
In conclusion, through experiments and mathematical models, we have provided an account of human walking in non-straight-line paths from the perspective of energy optimality. Further experiments to test model predictions are indicated, which will also inform improvements in the mathematical models. Better understanding of the mechanics and energetics of human locomotion while turning would be a useful tool in computer animation, robotics, and especially in the design of robotic leg/foot prostheses enabling efficient and versatile walking not restricted to straight line locomotion.
